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A notable aspect of high-temperature superconductivity in the copper oxides is the unconventional 
nature of the underlying paired-electron states. The appearance of a resonance peak, observed in 
inelastic neutron spectroscopy in the superconducting state of the High T c cuprates, its apparent 
linear correlation with the critical superconducting temperature of each of the compounds and its 
disappearance in the normal state are rather intriguing. It may well be that this peak is the signature 
of the singlet to triplet excitation, and is an unique characteristic of a d-wave superconductor. We 
develop a simple criterion for the resonance peak which is based on the concept of twist stiffness 
and its disappearance at T=T C . 



The most notable feature of the unconventional nature 
of the High T c cuprates besides its near-neighbor singlet 
ground state, is its superconducting gap A; unlike con- 
ventional B.C.S behavior, where A, the ampltude of the 
gap goes up as T c goes up, the measured A as revealed by 
angular resolved photoemission spectroscopy^ goes down 
as T c goes up! This had led some authors^to postulate 
that the energy scale governing T c is phase stiffness of the 
order parameter or the superfluid density rather than the 
modulus of A where A* A is the superconducting con- 
densate density. Inelastic neutron scattering in High T c 
cuprate compounds has been of immense help to enhance 
our understanding of the magnetic aspects underlying 
physics of High T c . 3 It told us right away without any 
ambiguity that there are at least two clear signatures of 
the unconventional superconductivity: spin gap and res- 
onance frequency. Some general features emerge from all 
the compunds so far studied: 

(a) Local antiferromagnetic or singlet correlations in 
the normal and superconducting states are observed , 
as evidenced by an incoherent background of spin exci- 
tation, S(q,iu), particularly at wave vector q — n, it & 
frequency u). 

(Jo) On the low energy side , an excitation energy gap 
, called spin gap E g opens up in the superconducting 
state, which tends to zero at the critical hole concen- 
tration where superconductivity first appears and is a 
maximum at optimum doping 4 . 

(c) The most unexpected feature of the inelastic neu- 
tron spectroscopy is the emergence of an extremely in- 
tense and narrow peak only in the superconducting state 
at the resonance energy u> r , at q — 7r, ir that is a hallmark 
of each superconducting compound. (Y BavGuzOj-xp 
Bi^Sr^CaCuiO^^^La^-xSrxCuO/^). This resonance 
is a collective spin excitation mode where the magnetic 
excitation spectrum condenses into a peak at a well de- 
fined energy. It generally disappears when T c goes to zero 
and is a generic feature of all the cuprates. The striking 
characteristic of the resonance peak is its linear scaling 
with T c , as measured for a variety of dopings 8 . 

Our main objective in this communication is to con- 
vey an underlying universality relating to the resonance 
peak; the simplicity of the model and its connection to 
underlying symmetries is its appealing feature. 



We assume to start with that the superconducting 
ground state is a d-wave singlet. In order to bring out 
the underlying symmetry elements of the superconduct- 
ing and the normal state, let us introduce the well known 
concept of superconducting phase stiffness (related to 
charge stiffness)^, spin stiffhessiSas well as that of twist 
stiffness which is of particular relevance to near neighbor 
singlets and is associated with chirality. Each of these 
three stiffnesses are associated with a distinct symmetry 
operation and expresses the energy increase of the system 
as each symmetry operation is applied. Let us consider 
a spinor on site i 
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Here the are the electron creation operator on site i 
in a spin state | and similarly for the other spin |. There 
are three sets of transformation that we can consider on 
the spinors, one in the charge sector, one in the spin sector 
and one in the twist sector. 

(a) In the charge sector it is given by 



ipi = exp (ieipi) ipi 



(2) 



where e is the electron's charge causing a rotation by an 
angle cpi, in the electromagnetic gauge space. This is the 
one parameter transformation of symmetry group U(l). 
In any superconducting ground state, the U(l) symmetry 
will be broken signifying blocking of the phase if of the 
superconducting order parameter and hence a non zero 
superconducting phase stiffness D s i^ 

(b) We can also rotate the spinor in the spin sector 
by rotating the spin through an angle 6i around the spin 
a — axis so that 



fa 



exp 



(i-^Oi) fa 



(3) 



where a is the Pauli spin matrix. The group symmetry 
is 50(3) or SU(2), We note that if the ground state 
is a superconducting d— spin singlet 5 = 0, the ground 
state energy will be unaffected by rotation of the spin 
axis , whatever the Hamiltonian is and as a result the 
spin stiffness D a , is necessarily zero . 
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(c) The twist stiffness is best understood by introduc- 
ing the chirality where we write 
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here the chirality operator 7 5 12 transcribes the fact that 
the spin rotation 9i on site i is exactly equal and opposite 
to that on the near neighbor site j whence 9i — 6j = 29. 
This gives 
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ipi ; 



(5) 



If the site i and j belong to sublattice A and B, then the 
chiral rotation twists one sublattice around another by a 
rigid angle 0. The symmetry of the operation because of 
two sites is SU(2) x SU (2) which is in the same homotopy 
class as SO (A). If the ground state is a near neighbor sin- 
glet ,the twist rotation 9 mixes the singlet with the triplet 
and hence leads to increase of the ground state energy. 
This will be clear if we consider the four basis pair states 
on near neighbor sites i & j written as^ 
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Here | 6) = 6+ | 0) & | t a ) = *t | o). | 6) is a 5 = singlet 
while the three | t a ) are 5=1, triplets and the four 
states constitute the symmetry 50(4). Effect of chiral 
rotaion on site i&z j with these basis wave functions, will 
give 4x4 matrix 



t, 



= exp (ia a 9) 



(7) 



The twist 9 has mixed up singlets and triplets. This 
makes the twist stiffness D t ^ (the twist operation 
is nonunitary in this ground state). The Lie algebra of 
50(4) is closed by the three generators that connect t a 
amongst themselves by pure spin axis rotation, expression 
(3) and by the other three generators that connect b 
with the three t 's through the twist rotation (5). As 
for illustration let us a take a model hamiltonian t — J 
hamiltonian^ 



H D — t ^ c\ a Cj a J ^ 5j5j 



(8) 



Here the first term is the electron hopping between sites 
i and j, t being the hopping integral while the last term 



is a Heisenberg antiferromagnetic exchange interaction J 
between first near neighbor spins Si and Sj on site i and 
j.Does t — J hamiltonian have a superconducting ground 
state? The first of the gauge transformation (expression 
2 ) has been used to show that its sibling, the Hubbard 
hamiltonian (in the large U limit) has a superconducting 
ground state with a nonzero phase stiffness D s at T = 
0i£. What about the twist stiffness of the Hamiltonian 
(8)? In order to calculate the twist stiffness, we apply 
uniform twist 9, between near neighbor sites i &: j of 
sublattice A and B. It is convenient to transform H Q in 
terms of singlet and triplet pair operators using the pair 
representation of the spin operatorsi^which we write as 



Ho = -tj^ c\ a c oa h ^ + j E 

i,j v is, a 



(9) 



Here \i is the chemical potential assumed same over all 
space. This term is unaffected by twist and we assume 
that the sum Wt + ^t] over v near neighbor pairs 
which is = N e i ectron is conserved. In the limit of small 
twist the Hamiltonian gets modified 



H =H(0) + H(9) 



(10) 



where the first part is the unperturbed untwisted Hamil- 
tonian. By developing H (9) to second order we obtain 
for the perturbing term 
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where jfj is the spin current operator and T^- is the ki- 
netic energy operator. They are given respectively by 



it 



f = 1 E ( C *W + H.C) - J -Y, (bl + tl) 

ij v 

We get ground state energy shift due to twist 9 as 

N 



(12) 
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D t (u> = 0) is the twist stiffness (in two dimensions it has 
the dimension of energy). It is formally given by 



1 

N 



-T 




e« - e -Tiw t - e n - hu; 

In the absence of the hopping term and of the spin cur- 
rent term, the energy increase per electron is precisely J 
which is the bare twist stiffness. The first term of D t (ui) 
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is the diamagnetic current contribution to stiffness due to 
the average value of the kinetic energy while the second 
term reflects second order contribution of " paramagnetic 
spin current conductivity <Jt(u)) although (j a ) = 0. The 
energy levels e n are the triplet excited states for a mo- 
mentum transfer n, tt (which has a gap E g as measured 
by inelastic neutron spectroscopy). The spin current in 
the twisted frame is the response to a "twist vector po- 
tential" (engendered by local twist) just as the charge 
current is response to an electromagnetic vector poten- 
tial. The linear coefficient of the total response is the 
corresponding twist stiffness. We can rewrite the expres- 
sion (14) more conveniently in analogy to the missing 
area sum rule^Sof the missing Drude weight as 



D t 5(uj) = D°5{ui) 



a t {<jj)du> 



(15) 



Here the second term on the right reflects the exhaus- 
tion of twist rigidity through incoherent spin excitation 
where <7t(w) is ~ Imx±_ (w) , the trasverse spin suscep- 
tibility. From the experimental neutron data™, we know 
that Imx± (w) is very large at the critical hole concentra- 
tion <9£ at which T c = while Imx± (w) monotonically 
decreases ( integrated spectral weight) in the supercon- 
ducting state as optimum doping <9^ p *is approached so 
that we can reasonably conclude that D t — at d/ 7 = <9£ 
while D t ought to be a maximum at dh = <9^ p *.In other- 
words D t is a correct indicator of d-wave superconductiv- 
ity. The non-zero phase stiffness in conventional s — wave 
superconductor results from broken U(l) electromagnetic 
gauge symmetry. The non-zero spin stiffness in a system 
with long range magnetic order is associated with a bro- 
ken 5*0(3) symmetry of the rotational invariance of the 
spin space and D a goes to zero at T = Tjv when the in- 
variance is restored. What symmetry or symmetries are 
broken when the phase coherent singlet d-wave ground 
state emerges? We may think of the d — wave supercon- 
ducting state as a state where 5*0(4) symmetry is explic- 
itly broken as well as U(l). The normal state is then a 
state with zero twist stiffness where the broken 50(4) 
symmetry pertaining to singlet and the three triplets has 
been restored. If now we accept the premise that at T c , 
twist stiffness D t goes to zero, then one makes the simple 
statement that kT c is equal to the value of twist stiffness 
at T = (strictly speaking one should use renormalised 
stiffness due to triplet excitations) and we have 



kT c = D t (T = 0,cj = 0) 



(16) 



The expression relating spin stiffness to some characteris- 
tic frequency (which we shall baptise resonance frequency 
u r ) can be written asi£i& 



A (T,u = Q)=xx (T) nW r (T) 



The resonance frequency uj r is a small amplitude har- 
monic twist oscillation or rigid precession of sublattice 
A with respect to sublattice B. Here x± (T) is the 



transverse spin flip magnetic susceptibility, which has 
its largest value at Q — 7r, it. The transverse static 
susceptibility xi- (T) in the High T c cuprates (as mea- 
sured by N.M.R Tyrjj spin -spin relaxation rate) can be 
parametrised as^S 



k(T + T c ) 



(18) 



where A is a phenomenogical constant. That this form 
of the static susceptibility in the normal state at T ^S> T c 
is appropriate can be checked from the imaginary part of 
susceptibility 



Imx± (w, T) 



id 
f 



(19) 



which is of a form universally observed for small ^ 20 . 
This behavior in the normal state probably points to 
proximity to a quantum critical point for spin excitation. 
In a temperature range above T c the spin correlations 
have a rapid decay in space but a slow decay in time 
due to a large density of 5 = 1 excited states. Real 
part of the dynamical susceptibility x± (?: w ) would not 
show a narrow peak around a specific ordering vector 
but Imx± {T, to) will exhibit considerable weight at low 
frequency. Using expression (17) and (18) ,we obtain 



huj r = akT c (20) 
This is our central result. It corroborates a posteri- 
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FIG. 1: Resonance frequency vs. superconducting critical 
temperature T c , extracted from references [5,6,8,21]. 

ori the central assumpion that the coherent part of the 
spectral weight is very simply related to twist stiffness 
and emerges as coherent resonance peak; and whose in- 
tensity reflects the incoherent spin excitations that have 
(17) disappeared from the energy range < u> < E g in ac- 
cordance with the sum rule (15). Superconductivity can 
only arise as the d— wave singlets manage to shake off the 
triplets from the normal state soup of singletsfe triplets, 
as a result of the opening up of the spin gap E g (7r,7r). 
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The expression (23) is plotted in figure (1), with neutron 
and ARPES^i data superimposed. The proportionality 
constant a measured from fig 1 gives the number 0.42 
mev/°K. If we are at the critical hole doping concen- 
tration at which both T/v,the Neel temperature & T c , 
the superconducting critical temperature are both zero, 
then we must have D a = and D t = 0, signifying no 
long range magnetic order and no long range superfluid 
order; it is a quantum critical point. It is well known 
that Zn doping destroys T c . It is seen by neutrons that 
doping with Zn introduces large low energy spin fluc- 
tuations (integrated spectral weight increaes,the spin gap 
E g (ir, 7r) rapidly goes to zero), that will drive D t to zero 
suppressing u r and killing superconductivity. The nor- 
mal state can be defined as a spin liquid (by definition has 
no sublattice magnetisation) where we have considerable 
low energy spin excitation. We also require that transla- 
tional invariance be unbroken for the system to qualify as 
a liquid. Thus it describes a gapless spin liquid more in 
conformity with the original suggestion of the long range 
RVB liquid^ In its loss of twist stiffness the spin liquid 
behaves like any conventional liquid loosing shear rigidity 
at the melting transition. The concept of twist stiffness 
is based on in finite simally small twist as is customary 
in these definitions; beyond T > T c , the restored dynam- 
ical 5*0(4) symmetry implies b -<=>■ t a pair fluctuation 
in the spin liquid phase costing no energy around the 
untwisted singlet. If this symmetry persists for all twist 



angles then we will be in the frustrated "Henley limit" 23 
of infinite classical spin degeneracy where one sublattice 
A will twist freely around the other sublattice B and the 
two sublattices are totally decoupled. Or else the system 
may develop a region where D t (T y T c ) may become 
negative for large twist angles generating large singlet- 
triplet excursions and hence may go spontaneously to 
a distorted or twisted ground stated. Although twist 
stiffness and superconducting phase stiffness are differ- 
ent at T = 0, their simultaneous disappearance at T = T c 
is indicated by the Arpes results^lof the hump and dip 
structure in the electronic spectral weight and point to 
strong coupling of triplet and phase fluctuation as T c is 
approached. 

Several theoretical models exists that explain the res- 
onance peak. Our objective in this paper has been rel- 
atively simple: can we understand the resonance peak 
without a detailed model and does it have some predic- 
tive ability as to the underlying symmetry nature of the 
normal and superconducting state? I think the argu- 
ments given in this paper will throw some new light on 
these issues. 
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